We present an extension of our search for 'Extremely Inverted Spectrum Extragalactic Radio Sources' (EISERS) to the northern celestial hemisphere. With an inverted radio spectrum of slope α > +2.5, these rare sources would either require a non-standard particle acceleration mechanism (in the framework of synchrotron self-absorption hypothesis), or a severe free-free absorption which attenuates practically all of their synchrotron radiation at metre wavelengths. By applying a sequence of selection filters, a list of 15 EISERS candidates is extracted out by comparing two large-sky radio surveys, WENSS (325 MHz) and TGSS-ADR1 (150 MHz), which overlap across 1.03π steradian of the sky. Here we report quasi-simultaneous GMRT observations of these 15 EISERS candidates at 150 MHz and 325 MHz, in an attempt to accurately define their spectra below the turnover frequency. Out of the 15 candidates observed, two are confirmed as EISERS, since the slope of the inverted spectrum between these two frequencies is found to be significantly larger than the critical value α c = +2.5: the theoretical limit for the standard case of synchrotron self-absorption (SSA). For another 3 sources, the spectral slope is close to, or just above the critical value α c . Nine of the sources have GPS type radio spectra. The parsec-scale radio structural information available for the sample is also summarised.
INTRODUCTION
Sensitive large-area radio surveys, such as the FIRST (Helfand et al. 2015) and NVSS (Condon et al. 1998) , combined with their optical counterpart, SDSS (Alam et al. 2015) have enabled the assembly of large samples for detailed studies of different categories of extragalactic radio sources (Best et al. 2005; Coziol et al. 2017) . In recent years, such samples have been increasingly used for finding not only the rare types of radio sources, such as X-shaped radio sources (Cheung et al. 2013; Roberts et al. 2018; Gopal-Krishna et al. 2012 , and references therein) , giant radio galaxies (Dabhade et al. 2017) , recurrently active radio galaxies (Kuźmicz et al. 2017) and HYMORS (Kapińska E-mail:mhaskeymukul@gmail.com et al. 2017; Gopal-Krishna & Wiita 2000) , but also species like 'Compact Symmetric Objects' (Gugliucci et al. 2005; Wilkinson et al. 1994; Conway et al. 1994; Phillips & Mutel 1982) and FR0 radio galaxies (Baldi et al. 2015) whose abundance had been scarcely recognized. A major advance in recent times is the availability of large-area surveys at metre wavelengths, such as the TGSS-ADR1 (Intema et al. 2017) , LoTSS (Shimwell et al. 2017 (Shimwell et al. , 2019 and the GLEAM survey (Wayth et al. 2015; Hurley-Walker et al. 2017) . These go significantly deeper than their precursors, the Westerbork surveys, WENSS at 325 MHz (de Bruyn et al. 2000) and WISH at 352 MHz (De Breuck et al. 2002) , as well as the VLA 74 MHz survey (Lane et al. 2014 ).
2 Mukul-Mhaskey et al.
radio spectrum shows an ultra-sharp turnover, such that the slope of the inverted spectrum is greater than the critical value αc = +2.5: the theoretical limit for the standard case of synchrotron self-absorption (SSA) (Gopal-Krishna et al. 2014 ) (henceforth Paper I). This limit cannot be violated even by a perfectly homogeneous source of incoherent synchrotron radiation arising from relativistic electrons whose energy distribution has the canonical (i.e., power-law) shape (Slish 1963; Scheuer & Williams 1968; Rybicki & Lightman 1986) . Consequently, any such sources would either be having a non-standard electron energy distribution (Rees 1967) , or suffer a severe free-free absorption (FFA) at metre wavelengths, as discussed in Paper I where they were christened 'Extremely Inverted Spectrum Extragalactic Radio Sources' (EISERS). The 7 EISERS candidates reported in Paper I were subsequently followed up with the Giant Metrewave Radio Telescope -GMRT (Swarup et al. 1991) , by making quasi-simultaneous observations at 150, 325, 610 and 1400 MHz (Mhaskey et al. 2019, henceforth Paper II) . This and a similarly targeted independent program, based on the GLEAM survey in which flux densities are measured simultaneously at several narrow bands in the 72-231 MHz range, although with a modest sensitivity and resolution (Callingham et al. 2017) , have together been able to find just a couple of EISERS, which testifies to extreme rarity of such radio sources. The aim of the present study is to extend our search for EISERS to the northern sky. This was done by combining the available two large-area, high-resolution radio surveys, namely the recently published TGSS-ADR1 at 150 MHz (Intema et al. 2017 ) and the pre-existing WENSS at 325 MHz (de Bruyn et al. 2000) . The choice of these two large-area radio surveys was motivated by their fairly high sensitivity (typical rms < 10 mJy/beam) and sub-arcminute resolution at metre wavelengths. The EISERS candidates in the Northern sample were then observed quasi-simultaneously with the GMRT.
In Section 2 we describe the selection procedure for the 15 EISERS candidates. Section 3 contains the details of their quasi-simultaneous radio observations and the analysis procedure. Notes on individual sources are given in Section 4. The results of spectral modelling on the EISERS candidates are discussed in Section 5. The following Sections 6 and 7 contain a brief discussion on EISERS and the conclusions, respectively.
SELECTION OF EISERS CANDIDATES IN THE NORTHERN SKY
The two main radio surveys (Section 1), viz., the TGSS-ADR1 (150 MHz) and WENSS (325 MHz), overlap across a region of about 1.03π steradian (∼1/4th of the entire sky). This overlapping region contains 229420 radio sources in the WENSS catalogue covering the declination range north of +28
• . Out of this extensive source list, we first extracted a subset containing 35064 sources which belong to the morphological type 'S' (i.e., single, as per the WENSS catalogue) and are stronger than 150 mJy at 325 MHz. For each of these shortlisted WENSS sources, we then looked for a TGSS-ADR1 counterpart, within a search radius of 20 arcsec. Thus, counterparts were found for 33707 (out of the 35064 sources) of the WENSS sources. For 1357 WENSS source no counterparts were found in TGSS-ADR1. The median separation between the positions of sources from the WENSS and TGSS-ADR1 is found to be 2.10±0.02 arcsec, which is consistent with the quoted positional uncertainties for the relatively weak sources in the two surveys (rms ∼ 1 arcsec for WENSS and ∼ 2 arcsec for TGSS-ADR1). The spectral index, α, between 150 and 325 MHz, was calculated for all the sources. For the WENSS sources without a counterpart (1357) in the TGSS-ADR1, a 5-σ upper limit to the flux at 150 MHz was used to estimate the spectral index. Here σ is the image rms for individual sources in the TGSS-ADR1.
The final list of EISERS candidates satisfy the following criteria: (i) structural type 'S' and flux density > 150 mJy at 325 MHz, (ii) omission of sources found to lie within 10
• of the galactic plane, or listed as H-II regions in the NASA Extragalactic Database (NED) 1 (iii) an unambiguous detection in the WENSS (325 MHz) and NVSS (1.4 GHz) (based on visual inspection of the respective radio images) and (iv) α (150-325 MHz) > +2.75, in case of sources detected in TGSS-ADR1 or α (150-325 MHz) > +2.5, in case of sources not detected in TGSS-ADR1. A conservative threshold value of +2.75 was adopted for sources detected in TGSS-ADR1 in order to make an allowance for flux variability, which could be significant in case of compact sources (see Section 6). The final list contains 15 EISERS candidates, which is presented in Tables 1 and 2 along with their flux densities taken from the literature, as well as those determined from the new quasi-simultaneous observations reported here (Section 3). The radio contour images taken with the uGMRT at 150 and 325 MHz of the two best candidates are displayed in Figures 1 and 2 . Radio spectra of the 15 sources, based on the data provided in Table 2 are shown in Figure 3 . Table 3 is the summary table that contains the computed spectral index α thick (150-325 MHz) for the optically thick part of the spectrum. α thick >+2.5 is the principal marker for EISERS. Table 3 also contains the spectral index, α thin for the optically thin part of the spectrum, along with the 5 GHz radio power for each source. For sources with unknown redshift, a redshift z = 1 has been assumed.
RADIO OBSERVATIONS AND ANALYSIS
The need for quasi-simultaneous radio observations at frequencies below the spectral turnover is underscored by the fact that the two radio surveys (TGSS-ADR1 and WENSS) used for computing the spectral slopes of these compact radio sources had been made nearly a decade apart. The long time interval could then have introduced significant uncertainty due to flux variability expected from refractive interstellar scintillation at such low frequencies, e.g. (Bell et al. 2019 ) (Section 6). It may also be noted that the WENSS (Rengelink et al. 1997 ) is known to be off the flux-density scales defined by Roger, Costain & Bridle (RCB, Roger et al. 1973 ) and by Baars et al. (1977) by over 10% (see, Hardcastle et al. 2016) . Therefore, the previous spectral index estimates could be substantially in error due to the combined effect of measurement uncertainty and the calibration uncertainties of the WENSS and TGSS-ADR1 flux densities. This may account for the substantial differences found in some of the cases, between the WENSS flux density at 325 MHz and the present GMRT measurements at the same frequency (Section 4). For our sample of 15 EISERS candidates, the present GMRT observations have yielded the data with the highest sensitivity and resolution currently available at 150 and 325 MHz (Table 1) . Moreover, the availability of two data points at well-spaced frequencies in their highly opaque spectral region raises the confidence in quantifying the steepness of the spectral turnover.
Radio Observations
The 15 EISERS candidates were observed with the recently upgraded GMRT ('uGMRT', Gupta et al. 2017 Table 2 , including those measured in the present uGMRT observations at 150 MHz and 325 MHz. The corresponding radio contour maps are provided in the online material, except for the maps of the best two cases of EISERS found in this study, namely J1326+5712 and J1658+473. These are presented in Figures 1 & 2. 
Analysis
The measured visibilities at 150 MHz and 325 MHz were processed using the Source Peeling and Atmospheric Modelling (spam Intema 2014) package. spam is a semi-automated pipeline based on aips, parseltongue and python. It performs a series of iterative flagging and calibration sequences and the imaging involves direction dependent calibration. This package has been used for processing of the entire TGSS data at 150 MHz (Intema et al. 2017) . Details of spam and its various routines are provided in Intema et al. (2017) .
Equation 1 defines the rms uncertainty of the measured flux-density of a source, the first term is the root sum square of the fitting error in the aips task jmfit and the second term is the systematic error component (10%) which includes the error arising from the elevation dependent gains of the antennas (Chandra et al. 2004 ).
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In Table 2 the GMRT flux densities found here at 150 and 325 MHz are listed together with those at other frequencies, taken from the literature. Based on these, the radio spectra of the 15 sources are displayed in Figure 3 . Bearing in mind the possibility of a substantial bias in the flux-density scales of the present uGMRT maps at 150 MHz, we have determined flux scaling factors (FSF) by comparing these uGMRT maps with their counterparts in the TGSS-ADR1 survey (Intema et al. 2017 ), also at 150 MHz. For a given target field, FSF was determined by taking an average of the ratios of the flux densities of several relatively bright discrete sources seen in both the maps. Such sources were selected within 1
• of the target source in its uGMRT map at 150 MHz, taking care that they are located in relatively isolated (i.e., unconfused) parts of the map and, moreover, are stronger than ∼75 mJy at 150 MHz. The FSF values for all the 15 target fields are given in Table 4 . Thus, for any source seen in the 150 MHz uGMRT map of a given target field, multiplying its flux density with the estimated FSF for that field, would translate its uGMRT flux-density to the flux-density scale of the TGSS-ADR1 survey. The correspondingly adjusted values of spectral index α (150-325 MHz) of the observed EISERS candidates are listed in the last column of Table 4. Note that this is just a cautionary step, meant to provide an additional check on the reliability of our estimated spectral indices of the EISERS candidates, and this procedure is not intended for application to uGMRT image analyses, in general. The small number of the fields for which FSF values have been determined, does not allow us to make a general comment about the origin of the occasionally significant departures of FSF values from unity. Table 2 ). In the last panel, the names of the surveys are listed adjacent to the corresponding symbols used (the frequency of the survey increases downwards). The filled circles represent the measurements from the present uGMRT observations at 150 MHz and 325 MHz. 
COMMENTS ON INDIVIDUAL SOURCES J0045+8810
This source is not seen in the TGSS-ADR1 map at 150 MHz, albeit the higher sensitivity of the present uGMRT map (σ = 3.5 mJy, Figure 1 : online material) has led to its detection at this frequency. At 325 MHz, while the source is clearly detected in the present map, its flux density is much lower (∼40%) than the value we had initially taken from the WENSS catalogue. Accordingly, the present estimate of its α (150-325 MHz) = +1.41 ± 0.25 (Table 2) , which is not large enough to qualify it as an EISERS.
J0304+7727
This EISERS candidate, although not seen in the TGSS-ADR1 map, is clearly present in our uGMRT map at 150 MHz (σ = 2.5 mJy, Figure 2 : online material). At 325 MHz, its uGMRT flux density matches well with that given in the WENSS catalogue. With the presently measured spectral index α = +2.13±0.20, the source does not qualify as an EISERS. Its VLBA image at 8.6 GHz shows a pair of unresolved components separated by ∼10 mas (Sokolovsky et al. 2011) . Although the available spectral measurements fall short of pinning down its spectral turnover frequency, it is unlikely to be below 0.5 GHz (Figure 3 ).
J0754+5324
The source is clearly seen in the present uGMRT map at 150 MHz (σ ∼ 3.8 mJy, Figure 3 -online material), at a flux density level consistent with the TGSS-ADR1 value (Table 2) . At 325 MHz, its flux density found here is ∼ 20% lower than that in the WENSS catalogue. Its spectral index α = +1.83±0.22 does not qualify it as an EISERS (Table 2) . Its GPS 2 type radio spectrum ( Figure 3) indicates that it could be a 'compact symmetric object' (CSO) (Phillips & Mutel 1982; Conway et al. 1994; Wilkinson et al. 1994) . This is indeed borne out by its VLBA image at 5 GHz which shows two components separated by ∼9 mas (Helmboldt et al. 2007 ). An earlier VLBI image at 8.4 GHz had shown this source to be dominated by two hot spots with a bright jet pointing toward the northernmost lobe (Peck & Taylor 2000) . The 'core' appears to be a knot in the jet, moving toward the northwestern hot spot at 0.060±0.026 mas per year (Gugliucci et al. 2005) .
J0847+5723
The source is clearly detected in the present uGMRT map at 150 MHz (σ ∼ 3.0 mJy, Figure 4 -online material), at a flux-density level ∼50% higher than that in the TGSS-ADR1 map. Note that we find the flux scales of these two 150 MHz maps to be in good agreement (Table 4) . At 325 MHz, its flux-density measured from our uGMRT map is consistent with the WENSS catalogue value. With an α (150 -325 MHz) = +2.36±0.25, this source is very close to the SSA limit of +2.5. Helmboldt et al. (2007) have placed it in the 'long-jet' morphology class, on the basis of its VLBI image at 5 GHz. (Figure 3 ). The source is also detected at 15 GHz (66.9±6.7 mJy, Taylor et al. 2005 ) and 30 GHz (43±4 2 GPS sources are defined as having an integrated spectrum that shows a single peak near 1 GHz and steep slopes on either side of the peak, cf. (Spoelstra et al. 1985; Gopal-Krishna et al. 1983; Gopal-Krishna & Spoelstra 1993; de Vries et al. 1997; O'Dea 1998; An & Baan 2012) mJy, Lowe et al. 2007) , suggesting a compact component becoming dominant at these high frequencies (Figure 3) . Note also that a flux variation of ∼50% has been reported at 8.4 GHz, based on the VLBI images taken almost two decades apart (Table 2) .
J0858+7501
There is a good agreement between its flux densities measured on the TGSS-ADR1 and the present uGMRT maps at 150 MHz. The same holds for its 325 MHz flux densities measured from the present uGMRT and the WENSS maps. Its spectral slope α = +2.40±0.34 (Table 2) closely approaches the SSA limit of +2.5. Note that this source was also included in the List 3 of GPS sources (Gopal-Krishna & Spoelstra 1993). There is a large difference between its 4.8 GHz flux density (Table 2) taken from the 87GB catalogue and that measured from the high-resolution (VLBI) map presented in the AstroGeo VLBI calibrator catalogue (henceforth, AG-VLBI)
3 .
J1326+5712
Although this source has been detected in the present uGMRT observations at a low flux level of 11.5±1.4 mJy at 150 MHz, it is expectedly not seen in the TGSS-ADR1 image at 150 MHz. At 325 MHz, its uGMRT flux-density reported here is only ∼75% of the WENSS value. Still, with a spectral index α (150 -325 MHz) = +2.91±0.20 (Table 2) , this source is probably the most secure example of an EIS-ERS. Its present uGMRT maps at 150 MHz and 325 MHz are shown in Figure 1 . In the AG-VLBI calibrator catalogue, it is seen as a double source, both at 5 and 8.4 GHz, hence consistent with a CSO classification. In the Effelsberg observations at 10.5 GHz, the source was found to be unpolarised to a limit of 2% (Pasetto et al. 2016 ).
J1430+3649
The presently measured flux-density of 77.8±13.4 mJy at 150 MHz is approximately four times the value reported in the TGSS-ADR1 (Table 2) . Such a massive flux variability at metre wavelengths is highly unlikely. Note that the flux scales of the two maps are also found to differ by a large factor of ∼2 (Table 4) . Thus, based on the present measurement at 150 MHz, this source can be clearly discounted as an EISERS (Table 2 ). The spectrum remains mildly inverted at least up to 10 GHz ( Figure 3 ). The source is identified with a quasar located at z = 0.5660 (Pâris et al. 2017) . Its VLBA observations at 5 GHz reveal a single source, with a mean radius of 1.3 mas (Helmboldt et al. 2007 ).
J1536+8154
Absent in the 150 MHz TGSS-ADR1 map, this source is detected at ∼10σ level in the present uGMRT map, with a flux-density of 35.1 mJy at 150 MHz. Note that the flux 3 http://astrogeo.org/vlbi images/ scales of these two maps are in excellent agreement (Table 4). At 325 MHz, its uGMRT flux-density agrees well with the WENSS value (Table 2) . With a spectral index α (150 -325 MHz) = +2.24±0.25 (Table 2) , the source is not confirmed as an EISERS.
J1549+5038
Its present uGMRT flux density at 150 MHz is in excellent agreement with the TGSS-ADR1 value. At 325 MHz, we find it to be ∼20% weaker compared to the WENSS flux density. With our estimated α (150 -325 MHz) of +2.42±0.22, the source is a borderline EISERS and hence worthy of followup. In the VLBA images at 5 GHz (Xu et al. 1995; Helmboldt et al. 2007 ) and at 2 and 8 GHz (Fey & Charlot 2000 ) the source appears resolved into a dominant flat-spectrum core and a fairly bright curved jet which is ∼10 mas long and extends towards the South-West. The jet is itself resolved into a couple of knots. The source is also detected at 15 GHz (810±03 mJy, Richards et al. 2011) , as well as at 30 GHz (738±39 mJy). Moderately strong flux variability, with a modulation index of 9%, has been reported at 15 GHz in Richards et al. (2014) . Pasetto et al. (2016) have inferred a large (rest-frame) rotation measure (RM = 1400±500 rad m −2 ), revealing the presence of dense magneto-ionic plasma. In the SDSS quasar catalogue-DR14, this source has been identified with a quasar at z = 2.174 (Pâris et al. 2017) . The data provided in Table 2 and Figure 3 confirm its strong flux variability at centimetre wavelengths.
J1658+4732
Although not seen in the TGSS-ADR1 map at 150 MHz, this source is detected in the present uGMRT image, with a flux density of 15.4±2.8 mJy at 150 MHz (Figure 2) . At 325 MHz, its present measurement of flux-density is marginally (∼10%) lower than that reported in the WENSS catalogue (Table 2) . With a spectral index α (150 -325 MHz) = +3.05±0.27, this source is securely confirmed as a bona fide EISERS. Its AG-VLBI image at 4.3 GHz, shows a core with a jet extending towards the South-East, possibly terminating in a lobe ∼60 mas away from the core.
J1700+3830
In the present uGMRT observations at 150 MHz, this source appears at ∼ 2 times stronger level than that seen in the 150 MHz TGSS-ADR1 image (Table 2) . Hence, with a revised spectral index of α (150 -325 MHz) = +1.64±0.21, it is clearly discounted as an EISERS. Its VLBA image at 5 GHz, made under the VIP survey (Helmboldt et al. 2007 ), shows it to be a core with a jet extending eastward, possibly terminating in a lobe ∼50 mas away. The source has a GPS type spectrum peaking near 0.5 GHz (Figure 3) .
J1722+7046
This source, not seen at 150 MHz in the TGSS-ADR1 map, is clearly detected in the present uGMRT observations, at a high flux level of 71.8±7.2 mJy at 150 MHz. Hence, with a revised spectral index of α (150-325 MHz) = +1.55±0.22 it does not qualify as an EISERS.
J1723+7653
Barely detected in the TGSS-ADR1 map at 150 MHz (26.9±6.9 mJy, Table 2), the source is detected in the present uGMRT observations, at a very strong level (209.9±21.1 mJy, Table 2 ). We find that another few fairly bright sources seen in our 150 MHz uGMRT map are absent in the 150 MHz TGSS-ADR1 map. The consequent drastic revision of its spectral index to α (150-325 MHz) = +0.43±0.18 leaves this source far removed from the threshold of α (150-325 MHz) = +2.5 defined for EISERS. The source is identified as a quasar at z = 0.680 (Véron-Cetty & Véron 2010). Its AG-VLBI image at 8.4 GHz, shows a core with a 5 mas long jet-like eastward protrusion.
In our sample, this is the only source to show a clear indication of being resolved in the present uGMRT observations at 325 MHz. The dominant central component ∼285 mJy at 325 MHz) is straddled by two lobes separated by ∼40 arcsec along position angle ∼120
• (Figure 11 , online material). Flux densities of the northeastern and the southwestern lobes are roughly 20 and 5 mJy at 325 MHz. The flux of this source at 151 MHz in the 6C survey of radio sources (Hales et al. 1991 ) is 300 mJy. This is more than 10 times the flux reported in TGSS-ADR1. Thus, its integrated spectrum remains nearly flat from about 0.1 to 10 GHz ( Figure 3 ).
J1846+4239
Its flux density measured on the present 150 MHz uGMRT map is nearly twice the value given in the 150 MHz TGSS-ADR1 catalogue. Thus, the present estimate of its spectral index α (150 -325 MHz) = +1.48±0.21 clearly disqualifies it as an EISERS (Table 2) .
J2317+4738
This EISERS candidate, undetected in the 150 MHz TGSS-ADR1 map is clearly visible in the present uGMRT map, with a flux density of 29.7±3.7 mJy at 150 MHz (Table 2) . At 325 MHz, its uGMRT flux of 145.0±14.5 mJy is consistent with the WENSS value ( Table 2) . With a spectral index of α (150 -325 MHz) = +2.05±0.21, this source fails to qualify as an EISERS.
SPECTRAL MODELLING
As discussed in Paper I and Paper II, an inverted radio spectrum with a slope α > αc = +2.5 would be inconsistent with the standard SSA interpretation of the spectral turnover in extragalactic radio sources, within the framework of the canonical (i.e., power-law) energy distribution of the radiating relativistic electrons (Slish 1963; Kellermann & Pauliny-Toth 1969; Pacholczyk 1970; Rybicki & Lightman 1986) . As an alternative explanation, free-free absorption (FFA) has often been invoked (Kellermann 1966; Bicknell et al. 1997; Kuncic et al. 1998; Kameno et al. 2000 (Matveenko et al. 1990 ), Centaurus A (Jones et al. 1996; Tingay & Murphy 2001) , Cygnus A (Krichbaum et al. 1998 ) and 3C 84 (Walker et al. 1994; Levinson et al. 1995) . Whether FFA can attenuate practically the entire radio emission of a source, as inferred from the sharp turnover of some of the integrated radio spectra displayed in Figure 3 , remains to be demonstrated.
In the following subsections, we shall briefly examine the two absorption models, followed by their application to the spectral measurements for the present sample of sources.
Synchrotron self-absorption (SSA)
SSA, a frequently invoked mechanism to explain the lowfrequency absorption of radio spectra, was first discussed by Slish (1963) and Kellermann (1966) in the context of GPS type spectra. A synchrotron source cannot have a brightness temperature exceeding the plasma temperature of the radiating non-thermal electrons. This leads to a spectral turnover such that the spectral slope at frequencies below the turnover cannot exceed a value of +2.5. It is valid for any slope of the energy spectrum of the radiating particles having a "power-law" (Slish 1963) . Thus, in the high opacity limit
(2) Tingay & de Kool (2003) have parameterised the spectrum in terms of the power law index, β, of the electron energy distribution, such that α= −(β − 1)/2. Further, assuming that the synchrotron source is homogeneous, the spectrum is modelled by,
where,
a1 is the normalization parameter of the intrinsic synchrotron spectrum and νp corresponds to the frequency at which the source becomes optically thick.
Free-free absorption (FFA)
FFA is the absorption of the synchrotron radiation (from relativistic electrons) by a distribution of thermal plasma, either external or internal to the synchrotron emitting volume. In each of the cases, the thermal plasma could be inhomogeneous or essentially homogeneous. Such possibilities have been considered in several studies (e.g. Bicknell et al. 1997; Tingay & de Kool 2003; Callingham et al. 2015) . Below, we reproduce the following cases:
Case 1: Assuming that a homogeneous ionized screen surrounds a standard synchrotron radio source, the free-free absorbed spectrum is parameterised by,
where 'a2' is the normalization parameter of the intrinsic synchrotron spectrum, α is its spectral index. The optical depth is parameterised by τ = (ν/νp) −2.1 , where νp is the frequency at which the optical depth becomes unity (Kellermann 1966; Tingay & de Kool 2003) .
Case 2: Here the absorbing ionised plasma is located inside the synchrotron source, hence it is the case of internal FFA (Kellermann 1966; Tingay & de Kool 2003; Callingham et al. 2015) for which
Case 3: Bicknell et al. (1997) introduced an alternative FFA model wherein the FFA screen is inhomogeneous and external to the synchrotron emitting lobes of a double radio source. In this model, a bow shock produced by the advancing jet creates an external, inhomogeneous FFA screen as it photo-ionises the thermal gas clouds filling the ambient (interstellar) medium. Expectedly, the ionised gas clouds would have a range of optical depth which Bicknell et al. (1997) assume to follow a power-law distribution η, parameterized by the index p, such that η ∝ (n 
where the term γ [p + 1, ..] represents the incomplete gamma function.
From their recent simulations of relativistic jets interacting with a warm, inhomogeneous medium, Bicknell et al. (2018) have argued that free-free absorption can account for the spectral peaking at ∼GHz frequencies and the powerlaw shaped inverted radio spectrum as revealed by the radio observations. A more physically motivated scenario involving log-normal opacity distribution substitutes for the power-law parametrisation of the free-free optical depth (see above). The situation envisaged in this model is particularly relevant to young radio sources. Unfortunately, spectral fitting cannot be done for this case, due to the non-availability of an analytical spectral model corresponding to their simulations.
Fitting
For all the EISERS candidates, we have got spectral data in the range from 150 MHz to 8 GHz. We model the spectrum of a given source by fitting various absorption scenarios represented by equations 3, 5, 6 and 7. The best-fit models are obtained by comparing the reduced χ 2 values for the fits and these are presented in Table 5 .
From Table 5 , it can be seen that the inhomogeneous FFA model by Bicknell et al. (1997) is preferred over other models, for 8 out of the 15 sources. For 2 of the remaining 7 sources, the SSA model provides the best fit. None of the models gave a satisfactory fit for the remaining 5 sources, either due to lack of sufficient data or due to the relatively flat spectral shape. Here, it should be noted that for 3 of the best EISERS candidates (Section 6), namely, J0858+7501, J1326+5712 and J1658+4732, the best fitting model is SSA in one case and inhomogeneous FFA in the other two cases of confirmed EISERS. The various absorption models fitted to the spectra of the two confirmed EISERS are shown in Figure 4 .
However, we caution that the above inference is only suggestive, in view of the scarcity of flux density measurements in the inverted part of the radio spectrum. To distinctly identify the best representative absorption model with a high statistical confidence, more data points will be needed below the turnover frequency.
Measuring Physical Parameters
For the confirmed EISERS where in-homogeneous FFA model by Bicknell et al. (1997) provides the best fit, namely, J0847+5723, J1326+5712 and J1658+4732, we estimate the typical densities of the absorbing medium required to obtain an optical depth of unity at the turnover frequency. We use analytical models given in Bicknell et al. (2018) to calculate the specific intensity of synchrotron emitting plasma embedded in a clumpy free-free absorbing medium where the density of the ionized medium follows a lognormal distribution. More details can be found in Section 5.5 in Zovaro et al. (2019) . Here, we assume the maximum depth of absorbing screen to be the same as the extent of the source, which is obtained from the VLBI images taken from Astrogeo catalog. We obtain the peak frequency from spectral fitting of Bicknell et al. (1997) model for FFA. The velocity dispersion measurement of the absorbing medium for these sources could not be confirmed due to lack of optical observations. Following Förster Schreiber et al. (2009) and Mukherjee et al. (2016) we assume a typical Baryonic velocity dispersion of 250 km s −1 . The values of mean densities thus obtained for J0847+5723, J1326+5712 and J1658+4732 are 36.2±11.6, 43.2±5.3 and 17.11±2.2 cm −3 respectively. These mean densities of the absorbing thermal gas match well with the values predicted in the theoretical models for jet propagation in ionized medium by Begelman (1996) and Bicknell et al. (1997) .
For sources in which SSA is the best fitting spectral model, the theoretical relation between magnetic field, turnover frequency and angular size of a source (e.g. Kellermann & Pauliny-Toth 1969) can provide an estimate of magnetic field strength. For the sources J0858+7501 and J1700+3830, the magnetic field thus calculated is 4.1 G and 4.2 G respectively. This is an order of magnitude larger than the typical magnetic field strength of 5 to 100 mG reported for GPS sources (O'Dea 1998; Orienti & Dallacasa 2008) . However, for the similarly extreme low frequency spectral index source, PKS B0008-421, Callingham et al. (2015) have again found a high value, B ∼ 4.1 G. Figure 4 . Different absorption models fitted to the spectral energy distributions of the bonafide EISERS J1326+5712 and J1658+4732. In both cases the inhomogeneous FFA model provides the best fit (see Section5).
DISCUSSION
From Table 3 it is seen that out of the 15 EISERS candidates observed in this study, J1326+5712 and J1658+4732 are confirmed as bona-fide EISERS with sharply inverted radio spectra between 150 MHz and 325 MHz. Based on our quasi-simultaneous uGMRT observations at these two frequencies, we find their spectral indices to be α (150 -325 MHz) = +2.91±0.20 and +3.05±0.27, respectively (Table 2), which are significantly above the critical limit of αc = + 2.5 for the standard case of synchrotron self-absorption (SSA, Section 1). Both sources have a GPS type spectrum peaked near 1 GHz (Figure 3 ). Unfortunately, their optical counterparts are presently unknown.
Further, as seen from Table 2 , spectral indices of another 3 sources are consistent with αc = + 2.5, to within 1σ uncertainty. We designate them as 'possible' EISERS. These sources are: J0847+5723 (α = +2.36±0.25), J0858+7501 (α = +2.40±0.34) and J1549+5038 (α = +2.42±0.22). It is reiterated that the spectral indices of the two confirmed EIS-ERS would remain above the SSA limit of αc = +2.5 even if their present flux densities measured at 150 MHz with uGMRT are aligned with the flux scale of the TGSS-ADR1 (Section 3.2). The radio power at 5 GHz are presentented in Table 3 . Since redshifts are not available for most of the EIS-ERS candidates observed here, we have assumed a redshift z=1 for calculating the radio powers. All the 15 observed EISERS candidates are above the FR1/FR2 break power of ∼ 10 25 W Hz −1 and the 5 GHz radio powers of the confirmed/tentative EISERS are similar to the GPS/CSS type sources (O'Dea 1998).
From Figure 3 , at least 9 of the 15 sources are seen to have a GPS type radio spectrum marked by a single peak in the frequency range 0.3 -1.2 GHz. Consequently, even their metre-wavelength emission should originate predominantly in milli-arcsecond components. Although GPS sources (when identified with galaxies) are usually only mildly variable at centimetre wavelengths where they become transparent (e.g. Stanghellini et al. 2001) , they are compact enough to be prone to showing flux-density modulations at metre wavelengths (Bell et al. 2019) . This is most likely due to refractive interstellar scintillations (RISS) from the turbulent ionised medium within our galaxy (Rickett et al. 1984; Jauncey et al. 2016; Shapirovskaya 1978) . Thus, it is important that their radio spectral indices are based on multi-frequency observations made at least quasisimultaneously. The present uGMRT observations of our 15 candidate EISERS at 150 MHz and 325 MHz were separated by less than a day, the only exception being the source J1658+4732 (α (150−325 MHz) = +3.05±0.27), for which the time interval was 16 days, due to scheduling problems (Table 1) . However, for all practical purposes, even its observations can be regarded quasi-simultaneous, given that the expected time scale for RISS is year-like at 325 MHz and decade-like at 150 MHz (Bell et al. 2019; Lazio et al. 2004) . For 3 sources in the sample, the radio spectra are found to clearly differ from the GPS type. These are J1430+3649, J1549+5038 and possibly J1723+7653. Their radio spectra exhibit evidence for a high opacity at least up to ∼ 10 GHz (Figure 3 ), but do not resemble 'High-Frequency Peakers (HFPs)'(e.g. Dallacasa et al. 2000; Orienti et al. 2007 ).
Based on a recent study using the GLEAM survey (Hurley-Walker et al. 2017 ), Callingham et al. (2017 have reported a few radio sources having extremely inverted radio spectra. Two of them, J213024−434819 and J213024−434819 are promising candidates for radio sources in which the critical spectral slope (αc = +2.5) attainable in the SSA limit for a standard source of incoherent synchrotron radiation is breached (see, however, the cautionary remarks in Mhaskey et al. (2019) about both these sources). On statistical grounds, their most favoured interpretation, based on the spectral modeling, is that these extreme radio sources (i.e., EISERS) represent cases whose synchrotron radio lobes are enveloped by a nearly homogeneous screen of thermal plasma which is responsible for the steep spectral turnover via FFA effects (Callingham et al. 2017) . On the other hand, if the FFA interpretation remains unsubstantiated in cases of some EISERS, their ultra-steep spectral turnover would be indicative of a non-standard energy distribution of the relativistic particles, e.g., a delta-function or a Maxwellian (Rees 1967; Schlickeiser 1985; Stawarz et al. 2008; Asano et al. 2014) , or, alternatively, of a large excess of electrons at lower energies, over the power-law extrapolated from higher energies (de Kool & Begelman 1989 ). This underscores the importance of obtaining observational clues to verify the presence (or, the lack) of a sufficiently opaque sheath of thermal plasma enveloping most of the radio-emitting volume in EISERS.
A preliminary spectral modelling performed on the EIS-ERS candidates (Section 5.3) underlines the relevance of the inhomogeneous FFA model (Bicknell et al. 1997) in the absorption processes operating in these rare sources. A more promising approach towards modeling such sharp spectral turnovers may well become applicable in the near future (Bicknell et al. 2018 ).
CONCLUSIONS
In this paper, we have reported on our ongoing search for extragalactic sources whose radio continuum spectrum turns over sharply due to absorption effects, so that the logarithmic slope of the inverted radio spectrum, α, exceeds +2.5. Such a steep inversion of radio spectrum would be inconsistent with the standard explanation which invokes synchrotron self-absorption occurring in a source of incoherent synchrotron radiation emitted by relativistic electrons whose energy distribution follows a power-law (Section 1).
In this paper we have built upon the work published in our earlier two papers (Papers I & II, see Section 1) wherein one, but quite plausibly both EISERS candidates originally identified in Paper I as the most promising candidates known at that time, were confirmed in Paper II. In the present study, we have used the upgraded GMRT to carry out near-simultaneous observations with high resolution and sensitivity at 150 and 325 MHz, of 15 EISERS candidates in the northern sky, which we had short-listed by combining the TGSS-ADR1 (150 MHz) and WENSS (325 MHz) surveys. The present observations confirm at least 2 of these 15 candidates, namely J1326+5712 and J1658+4732, as bona fide EISERS. We find both to have an ultra-sharply inverted radio spectrum, with slopes of +2.91±0.20 and +3.05±0.27 between 150 MHz and 325 MHz, respectively. Also, both have GPS type spectra peaking near 1 GHz. VLBI image of J1326+5712 exhibits a CSO type morphology, while J1658+4732 exhibits a core-jet structure.
The new EISERS reported here represent a significant addition to the previously reported EISERS, namely J0242-1649 (confirmed EISERS, Paper II), J1209−2032(probable EISERS, Paper II) and one possible case, J213024−434819 (Callingham et al. 2017, but, see paper II) . Their extreme rarity puts stringent constraints on the physical conditions in the peaked spectrum radio sources and makes them very interesting targets for multi-band observations, including optical spectroscopy, as well as radio spectroscopy (for detecting HI absorption) and radio polarimetry (for measuring the Rotation Measure). Such investigations, together with the theoretical modeling of their radio spectral turnover would play a critical role in deciding whether the ultra-sharp spectral turnover at low radio frequencies is caused primarily due to free-free absorption in thermal plasma, or whether it flags a non-standard particle acceleration mechanism operating in these rare extragalactic radio sources. Figure 14 : Different absorption models fitted to the spectral energy distribution of the observed EISERS candidates.
